Abstract-This letter presents a mathematical framework for evaluating the link capacity of an interfered communication link in a millimeter-wave mobile scenario, accounting in detail for the shape of the antenna pattern and for the statistic of the direction of arrivals. The developed approach, whose accuracy is verified by Monte Carlo validations in 2D and 3D wireless environments, does not require simplified antenna models, thus enabling to maintain the actual pattern during the analysis.
of the developed framework, which furthermore provides, in some specific cases, expressions available in analytical form.
The letter is organized as follows. Section II introduces the network scenario. Section III presents the pattern modeling approach and the capacity analysis. Section IV discusses the numerical results. Section V summarizes the main conclusions.
II. SCENARIO
Consider a wireless network in which a destination D is located at the center O of a ball B ν (O,R) of radiusR and dimension ν ∈ {2, 3}. This destination communicates with its desired source S lying at a distanceR(≤R) in the presence of L interferers uniformly distributed in B ν (O,R) , that is, on a disk for ν = 2, and in a ball for ν = 3. Accordingly, the cumulative density function (cdf) of the distance R l between D and the l-th interferer may be expressed as [13] :
In reception, D adopts a normalized antenna power gain pattern P(ω), which is obtained from a broadside array and where the direction ω is the azimuth angle φ ∈ 2 = [0, 2π) for ν = 2, and the zenith-azimuth pair (θ, φ) ∈ 3 = [0, π] × [0, 2π) for ν = 3. In particular, a uniform linear array (ULA) of N elements lying on the x-axis is adopted for ν = 2, while a uniform square array (USA) of N × N elements lying on the x − z plane is adopted for ν = 3. Thus, to jointly model the 2D and 3D cases, P(ω) may be represented by [12] :
where d is the inter-element distance expressed as a multiple of the carrier wavelength λ, and:
The propagation channel is characterized by path-loss attenuation and multipath-fading. More precisely, the path-loss function is:
where α(> 2) is the path-loss exponent and is a nonnegative parameter that identifies a classic unbounded path-loss model for = 0 and a bounded path-loss model for > 0. For each source (desired or interfering), a probability density function (pdf) f Q (q) models the power fluctuation Q due to fading, and another pdf f (ω ) models the spreading of the direction of arrival (DOA) due to multipath. More precisely, f (ω ) is selected as a Laplacian distribution, whose reliability in describing the spatial channel has been assessed by several measurement campaigns [14] . Hence, the pdf of the DOA may be expressed for ν ∈ {2, 3} as [14] :
where K ν is a normalization constant, and:
with σ denoting the angular spread. For ν = 3, (5) is modeled as the product of two univariate Laplacian pdfs, thus assuming, as in [14] , the separability of the zenith and azimuth statistics.
III. ANALYSIS
The analysis of the described scenario requires two steps. The first one provides a probability mass function (pmf) of an equivalent gain that jointly models P(ω) and f (ω ). The second step provides a parametric family of link capacity values, each obtained for a given gain, which are subsequently weighed according to the pmf, so as to evaluate the overall link capacity by applying the concept of mixture distribution [15] .
A. Pattern-DOA Statistic Modeling
As a first step, one has to derive the equivalent pattern [16] :
which enables to jointly account for the receiving pattern and the DOA statistic within a unique function by averaging each value of P(ω) over the pdf f (ω ). Since ω is the realization of a random variable (r.v.) , also the equivalent gain may be viewed as a r.v. G. In general, P(ω), and hence g(ω), are not invertible functions of ω, thus the statistic of G cannot be derived in closed-form, and an approximated strategy must be developed. To this aim, one may recall that P(ω) is a normalized pattern and that f (ω ) is a pdf, thus the values of g(ω) belong to the interval [0, 1]. This interval may be subdivided into M − 1 adjacent subintervals of equal length χ = 1/(M − 1), to obtain the set of points G = {g i :
The number of directions towards which the equivalent gain is equal to g i may be evaluated as #( i ), which denotes the cardinality of the set i = {ω : g(ω) = g i }.
Therefore, observing that 1 , . . . , M is a sequence of disjoint sets, the pmf of G may be estimated as:
The proposed pattern modeling approach has the considerable advantage of modeling P(ω) and f (ω ) by a unique r.v., whose accuracy in describing g(ω) may be controlled through the number of gain samples M, which may be increased to allow a more reliable modeling of the actual statistic of g(ω).
B. Link Capacity
Once the pmf of g(ω) is available, the interference analysis may be carried out for a given value g i , that is, assuming the equivalent gain as constant. To this purpose, using (4), the power received by the destination D from the l-th interferer for a gain g i in absence of mobility may be expressed as:
where k is a constant accounting for the height of the antennas and for the transmission power (assumed equal for all sources). The cdf of T l for a given g i may be evaluated by inverting (9) with respect to R l and using (1), thus obtaining:
where
is the pdf of Q that models the fading effects, the cdf of P l = T l Q may be derived from the product distribution [13] :
which can be exploited to obtain the statistic of the total interference I. Usually, the pdf of I cannot be evaluated in closedform, and hence approximations based on the nearest interferers have been introduced [2] , [3] . In particular, according to [2] , I may be usefully approximated by:
l −1/β is the generalized harmonic number of order L in power 1/β. Using the relationship for the scaling of r.v.s [13] , the cdf and the pdf of I for a given g i may be hence calculated, respectively, from:
Recalling thatR denotes the S-D distance and that the maximum of g(ω) is steered towards S, the desired signal power may be expressed as =tQ, wheret = k max{g(ω)} (R). Hence, the corresponding pdf is f (δ) = f Q (δ/t)/t. This latter statistic enables to obtain the cdf of the signal-to interference ratio (SIR) ϒ = /I from the ratio distribution [13] :
The result of the S-D communication may be then established adopting a SIR threshold ψ that accounts for modulation, coding, packet length, and required packet error rate [4] , [8] . Thus, the capture probability for a given g i is evaluated as:
It is interesting to observe that, in the presence of Rayleigh fading, the pdf of I and the capture probability for L = 1 may be represented in analytical form. To this aim, evaluating (11) for f Q (q) = e −q u(q), where u(·) is the Heaviside step function with u(0) = 0, the cdf of P l may be derived as:
0 e −q dq, (17) which, recalling that ς 1 = k/(R α + ) and ς 2 = k/ , provides (18), shown at the bottom of the page, where γ (·, ·) is the lower incomplete gamma function [17] . Now, using (18) in (13)- (16) [17] .
The capacity of the S-D link may be finally evaluated. To this purpose, the parametric family η(ψ; g i , L), resulting for i = 1, . . . , M, is employed to derive the capture probability from the mixture distribution [15] :
This latter expression may be used to estimate the limiting performance of the interfered link according to the Shannon bound, thus obtaining the link capacity as:
It is useful to notice that the proposed pattern modeling approach allows one to account for the impact of P(ω) and f (ω ) not only on the link capacity, but on any quantity for which a parametric family of pdfs or cdfs has been calculated during the analysis. For example, one may evaluate, again from the mixture distribution, the pdf of the interference power as:
Observe that the expressions in (21)-(23) together with those in (18)-(20) represent a significant result, since, even if the latter ones may seem formally elaborated, they have two relevant advantages that are uncommonly present at the same time in theoretical mmWave modeling: the maintenance of the actual pattern as it is, and the availability of analytical forms. 
IV. RESULTS
The results are evaluated for N = 4, d = 1/4, α = 3, σ = π/3, χ = 0.01, k = 1 in a Rayleigh fading scenario, and are verified by Monte Carlo validations. Each analytical curve obtained from the actual pattern is compared with that obtained from a flat-topped pattern [3] - [5] , in order to check the sensitivity of the results on the actual pattern details. According to the typical rules adopted to derive the flat-topped model of a given pattern, the flat-topped pattern is generated so as to have the main lobe width equal to the half-power beamwidth 3dB of the actual pattern, the main lobe gain equal to the mean gain of the actual pattern inside 3dB , and the back-lobe gain equal to the mean gain of the actual pattern outside 3dB .
Figs. 1 and 2 report the pdf of the interference power and the link capacity, respectively, forR = 2R = 10 m, = 1, L = 1. The figures refer to the 2D case for a ULA of N = 4 elements, and to the 3D case for a USA of N × N = 4 × 4 elements. The significant matching between the analysis obtained from the actual pattern and the validation confirms the accuracy of the developed framework. Furthermore, this matching reveals that the characteristics of the actual pattern not included in its flat-topped model may have, mainly in the 3D case, a not negligible influence on the final results. This aspect is confirmed by Fig. 3 , which is obtained for ν = 3,R = 2R = 10 m, = 1, and different L values, and by Fig. 4 , which is obtained for ν = 3, R = 2R = 1 m, L = 1, and different values. With reference to this latter figure, which shows the critical impact of the path-loss model in a short-range scenario, it is worth to notice that the far-field assumption is satisfied. In fact, considering half-wavelength radiators and d = 1/4, the maximum dimension of the adopted USA of N × N elements is D = √ 2[Nλ/2 + (N − 1)λ/4], with λ = 5 mm at 60 GHz. Thus, since the far-field region begins at 2D 2 /λ ∼ = 15 cm [12] , the far-field assumption may be considered satisfied. In summary, the presented results suggest that the proposed approach, combining the concepts of equivalent pattern and mixture distribution, may represent a useful support for the analysis of some scenarios in which, even in the presence of other relevant phenomena, such as interference, path-loss attenuation, and multipath-fading, an investigated link quality metric turns out to be sensitive to the actual pattern details.
V. CONCLUSION
A mathematical approach for modeling the DOA statistic and the antenna pattern in 2D and 3D mmWave scenarios has been presented and exploited to derive the link capacity in an interfered multipath-fading environment. Monte Carlo validations have confirmed the accuracy of the developed method, which enables to properly account for the actual pattern shape, and, in some specific cases, provides analytical expressions for the investigated performance figures.
